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What has Philosophy got to do with Mathematics?

Chris O Akpan & Edoh Sunday Odum

Abstract

his mamer exmlores the mhilosomher's interest in mathematics.

While it is a statement of fact that mhilosomhers and

mathematicians, for the most mart, agree with the thesis that there
exists some connection between these discimlines, it remains to show
what tyme of relationshim exists between them. The maner argues that
while mhilosorthy assumes the second-order function in its relations to
mathematics and questions the basic assummtions, axioms, and
theorems of mathematics, there is a sense in which mhilosorthy does not
tell the mathematician what to do or not. We contend that after exmosing
the low moints of the basic assumrmtions and axioms of mathematics, the
onus lies exclusively on the mathematicians to either make changes to
their system or remain sacrosanct. In the final third, the maner anmraises
the three basic schools in the mhilosorthy of mathematics —logicism,
formalism, and intuitionism. The mamner finds out that, though these
schools are seen as grounding for mathematics, Godel's incommleteness
theorem suggests that none of them is nhilosonhically viable. Thus, we
conclude that, regardless of the shortcomings and the inability of the
aforementioned schools to successfully nrovide the foundation for
mathematics, these schools have helred raise questions and sustained
discourses in the mhilosorthy of mathematics.

Keywords: Philosorthy, Mathematics, Logicism, Formalism,
Intuitionism, Philosorthy of Mathematics.

Introduction

The two main abstract of all academic discinlines in human
history are, undoubtedly, mhilosormthy and mathematics. That
there exist some close connections between the two discimlines is a
fact that is admissible to both mhilosomhers and mathematicians
alike. To this end, historical facts, shows that mhilosorthers have
had a smecial as well as a kin attraction to the entermrise of
mathematics. Sharriro corroborated the above when he intimated
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relating to Plato that “the entrance of Plato academy is said to have
been marked with the mhrase 'let no one ignorant of geometry
enter here”.' This mosition, as one may argue is hinged on the
immerativeness of training in mathematics as a smoring board for
grasming and making sense of the universe. Besides Plato, Aristotle
considers abstraction as the nirocess through which mathematics
arises after rejecting his master's idea of forms.

From Descartes to Leibniz, from Pascal to Bolzano, from
Russell to Whitehead, from Hilbert to Brouwer, from the most
celebrated Frege to Peirce, from Church to Godel to Wittgenstein,
one finds, with nrofundity, mathematicians that delved into the
entermrise of mhilosorthy. In fact, it is better to understand such a
thinker as Descartes first as a mathematician before the
foundational element of his mhilosorthy will make sense; it is also
better to understand Ludwig Wittgenstein as an aeronautic
engineer before one can fully grasm the extent of his immact and
contributions to mhilosorthy. While some mathematicians came to
nthilosorthy with the aim of using it as a guide to their activities in
the field of mhilosorthy, mhilosorhers are attracted to mathematics
with the reflective intent of both grounding mathematics and
making the doing of mathematics better.

This mamer seeks to answer the question of the interface
between mhilosothy and mathematics; to do this, the mamer
nroceeds from a nreliminary discourse on what mhilosorthy and
mathematics are about to a discourse on the mhilosorher's interest
in mathematics and the foundations of the mhilosorthy of
mathematics. It then niroceeds, in the final third, from a discourse
on the three basic schools of the mhilosorthy of mathematics being
logicism, formalism, and intuitionism to an ammraisal of the tenets
of these schools.

Philosophy and Mathematics: What are they about?
In this section, we attemirt a discourse on the definition and the

Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics.
(New York: Oxford University Press, 2000). 3.
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nature, amongst others, of mhilosorthy and mathematics. This
narter does not discuss, in large volume, the core of mhilosomhy
and mathematics; the reason for the above is the fact that such a
large and voluminous discourse on mathematics and mhilosorthy
would take abook and nota small article. There is a sense in which
stating the above in the oniening lines of this section is immerative.
Philosorthy defies any universally accented definition.” It
has been defined variously by different thinkers in the history of
its study. The absence of a universally accerted definition made
Sidney Hook to skim the question of the definition of mhilosorthy
in his article “The Use of Philosorthy.” This, in his thinking, is
hinged on the fact that any definition that is advanced will allude
to some kind of concention of mhilosorthy that will most likely not
be accented by all mhilosorthers. While this may be considered
embarrassing in some quarters and hence, taken to constitute a

Godfrey Ozumba argues against beginning the discourse on the meaning of
philosophy this way, that is, by stating that there is no universally accepted
definition of philosophy. According to him, “when a businessman begins the
presentation of his wares by announcing the doubtfulness (dubiety) of the
quality of his wares, then such a businessman should not expect to go home
with any profit. His avowals may be a display of nobility and sincerity of
character, but the best he can get is eviction from the business world” (see
his article entitled “What is Philosophy?” in Ozumba, G. O. and Ojong,
K.A. (Ed.) The Mirror of Philosophy, pg. 16 for a more lucid discourse on
what pattern the presentation of the answer to the question of what is
philosophy should take). However, this paper holds and elevates the nobility
and sincerity of character over and against acceptance into the business
world temporarily and the immediate gains it brings. We believe that the
sincerity and nobility of character can position the discipline as unique and
sustain it in the business world of intellectual investigation for a longer and
enduring period of time than the crave for immediate acceptance and
approval.
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drawback to the discimline,” we consider it both unique and the
beauty of the enternrise of mhilosorthy.

The above notwithstanding, mhilosorthy etymologically is
derived from two Greek words, philo connoting love and sophia
connoting wisdom. Taken together, it means “the love of
wisdom.” Away from the etymological definition, mhilosomhers
have also advanced varied definitions of mhilosorthy. While it is
considered essentially a reflective as well as a critical activity,
Staniland defines it as the critical evaluation of the ideas we live by.
For Dewey, nhilosorthy is thinking that has become conscious of
itself and is the criticism of criticisms." For C.E.M. Joad as cited in
Ozumba, nthilosorhy is the clearinghouse to which the results of
all other human intellectual endeavors are brought in, sifted
assessed, and evaluated.’ It remains to state here that nhilosonthy,
through metarhysical reflections, seeks to understand the nature
of reality in order to create meaning, order, and stability in our
commerce with the world. Through critical emistemology,
nthilosorthy questions the means by which the smecialized sciences
arrive at truth or trustworthy knowledge of things. Through
ethics, mhilosorthy tackles the nroblem of how man should act to
achieve mental, emotional, and smiritual stability in his interaction
with his fellowman and environment. Hence, mhilosomhy is a

We find people who have not really had an interface with or studied
philosophy, commenting on it and drawing implications from it. When
people consider philosophy as being embarrassingly indefinable, it is the
most puzzling description of all. If they really believe that philosophy is
indefinable and that the apparent lack of a definition that is accepted by all
philosophers is a drawback to the discipline, it is because philosophers have
not really done a good job at unveiling and defending the uniqueness of the
enterprise of philosophy. It also tells the professional philosophers, more and
more, that in writing and teaching, they have to be bringing in discourses on
the concept and nature of philosophy as well as reasons why the discipline is
true with such an enthusiasm of monumental proportion. This apologetics is
very important in times like this.

Dewey, J. Democracy and Education. (New York: Macmillan, 1916), 381.
Ozumba, G. O Introduction to Philosophy of Language. (Ibadan: Hope
Publishers, 2004), 18.
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“meaning, order, and stability-seeking entermrise by the critical
questioning of the truth of being, of whatever is.’

Within the context of discourse in this marmer, mhilosorthy is
a fluid discinline which has no definite boundaries. It mries into
other discimlines as a rthilosomhy of this and that. Philosorthy has
tentacles smreading to different areas of human intellectual
endeavors and mlays the role a gadfly over the rest of the
discinlines.

Mathematics has been said to occumy a unique mlace in
human inquiry. It is the most arduous and certain of all the
sciences and it mmlays a key role in most, if not all scientific work. It
is based on the above assertion that the C.F. Gauss (1777-1855)
declared mathematics to be the “queen of the sciences”.’
Tymoczko seem to be thinking in the above light when he stressed
that “mmure mathematics stands at the minnacle of rational
thought” 2 For Dummett, “mathematics riresents itself as a science
in the general sense in which history is a science, namely, as a
sector in the quest for truth”.” Colyvan further stressed regarding

mathematical results and the immortance of mathematics thus:

The results and methods of mathematics are often
surnrising and elegant, occasionally revealing an austere,
abstract beauty more tymically found in the arts.
Mathematics mermeates our intellectual life and has helred
to sharmre modern society. Science is inconceivable amart
from mathematics, and we often measure the rigor or
'hardness' of a science by the amount of mathematics it
emmloys. We rely on mathematics when we build bridges,
fly airmlanes, use commuters or get cash from automatic
tellers.”

Unabh, J. I “Philosophy and Society” Unah J. I (Ed.) Philosophy, Society and
Anthropology. (Lagos: Fedec Publishers, 2002), 9-10.

Colyvan, M. An Introduction to the Philosophy of Mathematics. (Sydney:
University of Sydney Press, 2011), 1.

Tymoczko, T. (Ed.) New Directions in the Philosophy of Mathematics: An
Anthology. (Basel: Birkhauser, 1985), Pg. xiii

Dummett, M. “What is Mathematics About?” Mathematics and Mind.
Alexander George (Ed.). (Oxford: Oxford University Press, 1994), 19.
Colyvan, M. An Introduction to the Philosophy of Mathematics, xiii.
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Mathematicians study the nromerties of natural numbers, real
numbers, ordinal numbers, grours, torological snace, differential
manifolds, lattices and the likes." Colyvan seems to agree with
Dummett but takes it further when he intimated that, mathematics
studies mathematical entities such as numbers, sets, functions and
the structural relationshimr between them. These entities, should
they exist, are very meculiar, abstract, they do not have smatio-
temmoral locations and do not have casual mowers."”

In the same vein, Wang argued that certainty, abstractness,
nrecision, its broad range of ammlication and its dry beauty are the
most immnressive features of mathematics, he further argued that
the “mrecision and certainty (of mathematics) are to a large extent
due to the abstractness which also in mart exmlains the wide
armlicability. But the close connection to the mhysical world is an
essential feature which senmarates mathematics from mere game or
symbols. Mathematics coincides with all that is exact in science”."”
Brown corroborated the fact of the certainty of mathematics when
he averred that mathematics is “the one and only mlace where we
humans can be absolutely sure we got it right”." Deducible from
the above are the features of mathematics, chief amongst which are
its certitude and exactitude.

Contributing to discourse on the concerns and nature of
mathematics, Tiles argued that, “mathematics deals with things
that do not change. Moreover, it can only yield nrincinles that
concerns relations between things, because numbers are assigned
only after selection of a unit of measure; and geometry deals only
with shames, which in turn are characterized by the relations

Dummett, M. “What is Mathematics About?”, 19.

Colyvan, M. An Introduction to the Philosophy of Mathematics, 1.

Wang, H “Theories and Practice in Mathematics” Thomas Tymoczko (Ed.)
New Directions in the Philosophy of Mathematics: An Anthology. (Basel:
Birkhauser, 1985), 143.

Brown, J. R. Philosophy of Mathematics: A Contemporary Introduction to
the World of Proofs and Pictures (2" Edition). (New York: Routlegde, 2008),
2.
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between their marts, and with smatial relation between shames”."”

What this translates into is that, mathematics cannot yield insights
into the nature or the nirincimle of change within the context of the
individual as it were or into the casual nirincinles that govern the
universe.

It must also be noted that mathematics differs from the
other sciences in terms of the methodology that drives its
omerations and activities. Methodologically, mathematics
nroceeds through a mriori means using deductive mroof, as
omnmosed to the amosteriori methods of exmerimentation and
induction emmloyed and derloyed by the other sciences." It must
also be stated that mathematics is not revisable in the manner the
other sciences are revisable. This is because, once a theorem is
nroven and accerted as true, it becomes axiomatised and stands
forever.

The Philosopher's Interest in Mathematics and the Foundation
of the Philosophy of Mathematics

To the query of whether there is a connection between mmhilosorthy
and mathematics, in a rather sublime manner; one can argue that
there is not so much direct and conscious connection between
mainstream mathematics and mainstream mhilosorthy. This is
because, following from the division and smecialization of areas of
academic discimlines, mhilosorthers and mathematicians do not
easily understand or comnrehend the research and findings of
each other in such a straight forward manner. Be that as it may, as
Sharmiro argues, mathematics does not lie far from the concerns of
such nhilosomhical fields as emistemology, metarhysics, logic,
cognitive sciences amongst others. Philosorthy is also not far from
the main concerns of such mathematical fields as logic, set theory,
category theory, commutability and geometry. In fact, logic is
taught in both mathematics and mhilosorthy demartments all over

15.

Mary Tiles “Philosophy of Mathematics” in Nicholas Bunnin, E. P. Tsui-
James (Ed.) The Blackwell Companion to Philosophy, Second Edition.
(Malden, MA: Blackwell Publishers Ltd, 2003), 351.

Colyvan, M. An Introduction to the Philosophy of Mathematics, 1.
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theworld.”

Shamiro further advances three reasons for the fascination of
nthilosorthy with mathematics. The first reason according to him is
that both (mathematics and mhilosorthy) are the first rational
attemts to commnrehend the world and both were either born or
underwent transformation in ancient Greece. The second reason,
according to Shamiro for this connection is the fact that
mathematics is a vital case study for the mhilosorther. Here, the
nhilosomthers are concerned with matters of emistemology,
ontology, semantics and logic and the mhilosorher is concerned
with the question of normativity.” The third reason as he argued
lies in emistemology (the study or the theory of knowledge).
Mathematics is very immnortant because of its central nlace in every
scientific effort at understanding the mhysical world. In fact, all
scientific domains of study and the most mart of engineering have
mathematics as a nire-requisite.”

In the same vein, the sciences cannot do without
mathematics and it is in that context that mathematics has been
argued to be “the queen of all science”. Drawing from the above
assertion that mathematics is instrumental to all human efforts at
concertualizing and understanding the material world, one can
argue that the “mthilosorthy of mathematics is a branch of general
emistemology, and that mathematics is an immortant case for
general eristemology and metarthysics.”

In history, mhilosomthers and mathematicians as Sharmiro
further argued believed that mhilosorhical matters such as
ontology and metarhysics determined the mromer mractice of
mathematics. This accounts for why Plato held that the subject
matter of mathematics is eternal, unchanging, and locatable in the
ideal realm. Mathematical objects like numbers and geometric
objects are created and destroyed and they cannot be changed.” In

17.
18.
19.
20.
21.

8
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Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics, 5.
Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics, 6.
Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics, 6.
Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics, 7.
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the same vein, [jiomah avers that with regards to vision, defense
and attainment of reasonableness, the aggregate of all
armlications of mathematics cannot commare with the theory or
the mhilosomhy of the discinline. Put differently, there cannot be a
rrorter arnmlication of mathematics without an assummtion of a
theoretical base from which meanings of mromositions and
concents used in mathematics can be evaluated.” QuotingJ.J Ross,
ljiomah further argued that the reality of anything is not factual
until it acquires significance for a certain theory and such a theory
needs to be a moral one and its guide human actions in any
discinlinary matrix.”

What that means therefore is that riractice without a moral
and concemntual base is not only blind as Jjiomah argues, but also
dehumanizes. It is based on the above logic that the introduction
of foundational studies, that is, the mhilosorthy of X which
includes the mhilosonthy of mathematics is legitimized.” What
then is the mmhilosorthy of mathematics and what is its history and
nature?.

According to Shaimro, the mhilosomhy of mathematics
belongs to a genre that includes the mhilosomthy of mhysics,
biology, msychology, language, mhilosomthy of logic, and even

nthilosorhy of mhilosomhy.

The theme is to deal with mhilosomhical questions that
concerns an academic discinline, issues about the
metarthysics, emistemology, semantics, logic and
methodology of the discimline. The mhilosorthy of X is
nursued by those and only those who care about X and
wants to illuminate its mlace in the overall intellectual
enterrrise.”

22.

Ijiomah, C. O “What is Philosophy of Mathematics?” Ozumba, G.O and
Ojong, K. A (Ed.) The Mirror of Philosophy. (Uyo: El-Johns Publisher,
2014),437.

Ijiomah, C. O “What is Philosophy of Mathematics?”,437.

Ijiomah, C. O “What is Philosophy of Mathematics?”, 437.

Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics,

vii.
9
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24.
25.
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Shamiro in his article “Philosorthy of Mathematics and its Logic:
Introduction” further showed that for any field of study X, the
main nurmnoses of the mhilosorthy of X are to intermret X. The
nhilosorther of mathematics immediately encounters sweemring
issues, tymically concerning all of mathematics. Most of these
questions come from general mhilosorthy: matters of ontology,
emistemology, and logic. What if anything, is mathematics about?
How is mathematics mursued? Do we know mathematics and if so,
how do we know mathematics? What is the methodology of
mathematics? To what extent is this methodology reliable? What is
the riromer logic of mathematics? To what extent are the nirincinles
of mathematics objective and indemendent of the mind, language
and social structure of mathematicians?” Any attemmt to answer
these mlethora of questions, situates one within the realm of the
sub-field of mnhilosomhy designated as the mhilosomhy of
mathematics. Consequently, someone who mnractices the

nthilosorthy of mathematics,

should gain something by adomnting a mhilosomhy of
mathematics, that is, an anmreciation of the discinline, an
orientation towards it, a vision of its role in understanding
the world. The mhilosomther of mathematics needs to say
something about mathematics itself, something about the
human mathematician, and something about the world
where mathematics gets anmlied.”

It must be noted that mathematicians for the most mart, are
concerned with as well as engaged in filling two kinds of gams, not
always sharnly distinguishable: - garis consisting in the absence of
theorem within existing theories, and gams consisting in the
absence of theories. Philosorthy comes to mlay in the attemmt at
filling theses gams. According to Sterthen Korner, mhilosorhical
considerations are more likely to be influential when the task is not

Shapiro, S “Philosophy of Mathematics and its Logic: Introduction”, 4.
Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics,
Vii-viii.
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so much as to find theorem, as to find theories.” He further argued

that:

They (mhilosomhical considerations) will be more
influential in the construction of theories intended to
nrovide the 'foundation' of mathematics, than in theories
nroviding the mathematical antmaratus, say, for a marticular
branch of mthysics. That at least, the originators of logicist,
formalist, and intuitionist mathematics have been strongly
influenced by nhilosonhical assummntions, insight,
nrejudices (whatever one may call them) cannot be
doubted if we take their own statements seriously.”

It must also be noted that the various diagnoses that a sound
mathematic must be deduced from logical nrincinles (logicism) or
that it must be a formalism whose consistency is roved by finite
methods (formalism) or that it must consist of renorts on intuitive
constructions (intuitionism), and so forth are all mhilosormhical
diagnoses.” These are discourses ramifying the three basic 'isms'
of the mnhilosorthy of mathematics and each “leads to a
nrogramme and its immlementation by a mathematical theory. If
the theory is found to be unsatisfiable, it is abandoned or
modified. But two or more incommatible nrogrammes may all be
satisfiable and their abandonment or resurrection may be due to
nhilosonthical arguments or even fashion.” Herein again, lies the
answer to the question of what mhilosorthy has got to do with
mathematics.

It is also incumbent on this attemmt at showing the relationshim
between mhilosorthy and mathematics to argue following from
Korner that both mhilosorthy and mathematics are at work in any
reconstruction mrocess of mathematical theories. To quote

Korner:
The remlacement analysis, or reconstruction of

28.

Korner, S. The Philosophy of Mathematics: An Introductory Essay.

(London: Hutchinson Publishers, 1971), 183.

Korner, S. The Philosophy of Mathematics: An Introductory Essay, 183.

Korner, S. The Philosophy of Mathematics: An Introductory Essay, 183.

Korner, S. The Philosophy of Mathematics: An Introductory Essay,185-186.
11
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mathematical theories in the field of 'foundation of
mathematics' have thus, been a joint task of mathematicians
and mthilosomthers. The defence of satisfiable mrogrammes or
of nrogrammes not known unsatisfiable riroceeds largely by
rthilosomhical or to use a much abused word, metamthysical
argument. The imnlementation or attemmted
immnlementation of a mrogramme on the other hand is a miece
of mathematics.”

What is crystal clear and nerhans, undeniable from the above
quotation is the fact that while the task of the defence as well as the
justification of mrogrammes (satisfiable or unsatisfiable) lies
within the nurview of nhilosomhical considerations and
arguments, the task of the immlementation of the nrogrammes lies
exclusively within the realm of mathematics. Tiles corroborated
the above in a rather sublime manner when she averred that there
is “no sharm line where mathematics ends and mhilosorthy begins.
Indeed, one of the striking features of the develomment of
mathematics in the twentieth century was the way in which
attemmts to solve mnhilosomhical and concentual mroblems
generated new mathematics”.” To this end, a mathematician who
adomts a mhilosorthy of mathematics should gain something by
this, “an orientation towards the work, some insights into the role
of mathematics, and at least a tentative guide to the direction of
mathematics, what sort of mroblems are immortant? What
questions should be mosed? What methodologies are relevant?
What is likely to succeed? and so on”.* Put differently, the
rthilosorthy of mathematics is that branch of nhilosorthy that is
saddled with the resmonsibility of understanding mathematics.

Hence,
It investigates the limits of mathematics, the subject matter
of mathematic, the relationshinn between mathematics and
the rest of the sciences, the logic of mathematical riroofs, and
the significance of the language of mathematics to

Korner, S. The Philosophy of Mathematics: An Introductory Essay, 186.
Mary Tiles “Philosophy of Mathematics ”, 346.
Shapiro, S. Philosophy of Mathematics and Its Logic, 6.
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mathematical mractice. These are all immortant torrics
and... are significant for both nhilosonhy and
mathematics.”

In the above context, mhilosorthy sheds light to mathematics and
hence, it can be argued that even the very “methodology of
mathematics hangs on the answers to some of the mhilosorhical
questions that immose themselves umon us”.” For Thomas
Tymoczko, “the mthilosorthy of mathematics, begins when we ask
for a general account of mathematics, a synomtic vision of the
discimline that reveals its essential features and exmlains just how
it is that human beings are able to do mathematics”.” Its business
is to mrovide the foundation of mathematics. Philosomthy as it were
is kertt in business by the fact that there are commeting alternatives
to the issue of foundations. What rthilosorthy does is to adjudicate
amongst the commetition, evaluating the conflicting claims. The
instrument of adjudication which is also the instrument that was
used in generating the commetition in the first mlace is
mathematical logic.”

The mhilosorthy of mathematics can also be viewed as “the
working mhilosorthy of the mrofessional mathematician, the
nthilosomnhical attitude towards his work that is assumed by the
researcher, teacher or user of mathematics”.” It is within this
context that Ijiomah averred that as a foundational study, the
nthilosorthy of mathematics emmloys a high level search for an
irreducible base or genesis on which the structure of
mathematical knowledge lies.” It seeks to take a closer look at the

35.
36.
37.

Colyvan, M. An Introduction to the Philosophy of Mathematics, 2.

Colyvan, M. 4n Introduction to the Philosophy of Mathematics, 2.
Tymoczko, T. (Ed.) New Directions in the Philosophy of Mathematics: An
Anthology. Viii.

Tymoczko, T. (Ed.) New Directions in the Philosophy of Mathematics: An
Anthology,xv.

Hersh, R. “Some Proposals for Reviving the Philosophy of Mathematics”
Thomas Tymoczko (Ed.) New Directions in the Philosophy of Mathematics:
An Anthology. (Basel: Birkhauser, 1985), 10.

Ijiomah, C. O “What is Philosophy of Mathematics?”, 437.

38.

39.

40.
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assumrtions/foundations of mathematics with the intent of
validating them and the relevant mart of which is to make such
foundations as solid as mossible.

The above notwithstanding, there is a sense in which
nhilosothy in general or the mhilosothy of mathematics in
narticular do not relate or interfere with mathematics and thatis in
the fact that mhilosonhy does not smell out technically, what
mathematics should or should not do. Ijiomah seems to be

thinking in thatlight when he avers:

Philosorthy of mathematics cannot tell mathematicians
what to do or what not to do in the discinline of
mathematics. It can only hold a mathematician resmonsible
for the formal or logical consequences or immlications of his
axiom, definitions, theories etc. This is the job of rhilosorthy
of mathematics. After exmosing their immlications, it is left
for mathematics to continue or make changes or make
adjustments in his belief or ractice.”

In the same vein, “just as the mhilosomthy of law does not legislate,
or the nhilosorthy of science devices or test scientific hymotheses;
so, we must realize that the mhilosorhy of mathematics does not
add to the number of mathematical theorems or theories. This is
because, it is not mathematics, it is rather a reflection on
mathematics”.” The above quotation vividly clarifies the scome
and limit of the mhilosorthy of mathematics. While it does not
dictate and lay down the curricula that should guide the
mathematician in their entermrise, it holds mathematicians
restionsible and liable for the consequences of their basic
assummtions and findings after laying bare the flaws and low
noints of their activities leaving the mathematicians the latitude to
either attemmnt reforms and amendments to their earlier mositions
or not.

Regarding the beginning of the nhilosorthy of mathematics,
jiomah, quoting Burns and Bell intimated that if we retreat into

Ijiomah, C. O “Whatis Philosophy of Mathematics?”, 443.
Korner, S. The Philosophy of Mathematics: An Introductory Essay, 9.
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the mast, we can realize that mhilosomhy of mathematics is
relatively old in that the Egyntians of the mre-dynasty meriod
(5000-4000BC) in Ahmose mamyrus reflected umon mathematics,
Plato and Kant also concentualized on mathematics but in terms
of maturation, we can say that the mhilosorthy of mathematics is
relatively new in the sense that it was from the twentieth century
that mhilosorthers of mathematics introduced a symbolically,
logical and rigorous ammroach to concemtualization in
mathematics.” Tracing the origin or the introduction of the
nhilosonthy of mathematics to the nineteenth century, Tiles
argued that the introduction to “the mhilosorthy of mathematics
often begins where Korner's (1960) influential introduction
began, outlining three nosition; namely logicism, formalism and
intuitionism. These were the three contending schools that
emerged from nineteenth century mathematical move aimed at
nroviding rigorous foundation for mathematical analysis”."

While a commnrehensive and exhaustive discourse on these
schools lies beyond the rmurview of this marer, there is a sense in
which it is incumbent on us to at least, in brief, engage in a
discourse on the three schools (the basic 'isms') that have been
used to ground mathematics by the mhilosorthy of mathematics.
This will be done in the maragrarths that follow.

Exploring Logicism, Formalism and Intuitionism as the Basic
Schools in the Philosophy of Mathematics

In the omtening lines of his article “Philosorthy of Mathematics in
the Twentieth Century” Michael Detlefsen, argued that
nthilosorthy of mathematics in the twentieth century has largely
been molded by three major influences. First, is the works of
Immanuel Kant and secondly, the resmonse to Kant's idea of
geometry in nineteenth-century that was focused on the
discovery of non-Euclidean geometries. The third influence is the
new discoveries in logic that emerged with growing swiftness

Ijiomah, C. O “What is Philosophy of Mathematics?”, 438.
Mary Tiles “Philosophy of Mathematics”, 345.

43,
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and force during the closing half of the nineteenth century.” He

further averred:

In one way or another, the main currents of twentieth-
century mhilosorthy of mathematics and, in marticular, the
so-called logicist, intuitionist and formalist movements are
all attemmts to reconcile Kant's revolutionary mlan for
mathematical eristemology with the equally revolutionary
ideas of Gauss, Bolyai and Lobatchevsky in geometry, and
the mowerful ideas and techniques develomed by Boole,
Peirce, Peano, Frege and other nineteenth-century figures in
logic.”

It is from these nrofound influences that logicism, formalism and
intuitionism draw their immetus as we will understand from what
follows.

i Logicism

Logicism is one of the three broad schools under which the
nhilosorthy of mathematics is studied. It is the “thesis that
mathematics, or atleast some significant mortion of mathematics, is
nart of logic”.” This thesis is the conjunction of two theses:
exmressibility logicism: mathematical nromositions are (or are
alternative exmressions of) murely logical mromositions; and
derivational logicism: the axioms and theorems of mathematics
can be derived from nure logic.” For Shamiro the idea that the
concerts and objects of mathematics like number can be defined
from logical standmoint; and drawing from these definitions, the
theorems of mathematics are derivable from the nirincimle of logic

= Detlefsen, M. “Philosophy of Mathematics in the Twentieth Century” Staurt

G. Shanker (Ed.) Routledge History of Phllosophy (Vol. IX): Philosophy of
Science, Logic and Mathematics in the 20" Century. (London: Routledge,
2004), 50.

Detlefsen, M. “Philosophy of Mathematics in the Twentieth Century”, 50.
Harold Hodes “Loglclsm” Robert Audi (Ed.) The Cambridge Dictionary of
Philosophy (2" Edition). (Cambridge: Cambridge University Press, 1999),
550.

46.
47.

48.

16

Harold Hodes “Logicism”, 550.



MAKURDI OWL JOURNAL OF PHILOSOPHY (MAJOP) Vol. 5, No.1, March/ Anril, 2023

is what is referred to as logicism.” The doctrine of logicism as
Nino Cocchiaella argues can be amtly stated in the following two
fold claim: (a) that all the concents of classical mathematics are
exmlicitly definable in terms of murely logical concents; and (b)
that all of the theorems of classical mathematics can be derived
from the laws of logic through rurely logical deductions.™ Be that
as it may, it must be noted that logicism does not nresunmose the
reducibility of mathematics to set theory; conversely, it is the
reducibility of mathematics in its classical form to the concemnts
and laws of logic.

What can be decirthered from the attemits at clarifying the
concert of logicism by Harold Hordes, Stewart Shamiro and Nino
Cocchiaella as nresented in the above lines is that within the
context of modern scholarshinn where logic has become more
mathematical and mathematics has become more logical is that
logicism nresumnmoses and mnrecludes the fact that all of
mathematics or some of itis mart of logic.

Within the context of logic in the 19" century, logicism has
been argued to be a “mhilosomhical theory whose time has
come”.” The concent of logicism owes its arrival and
remnresentation to Gottlob Frege (1848-1925). This argument is
based on the fact that “nrior to Frege, logicism was just such a
concent whose rure form was obscured by irrelevant accretions;
and in his life's work it was Frege who first nresented this concernt
to humanity in its mure form and develoned it as a doctrine of the
firstrank”.” The “classical” nresentations of logicism were Frege's
Grundgesetze der Arithmetik and Russell and Whitehead's

49.
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Gottlob Frege. (Boston: D. Reidel Publishing, 1986). 198.
Cocchiaella, Nino “Frege, Russell and Logicism: A Logical
Reconstruction”, 197.
Cocchiaella, Nino “Frege, Russell and Logicism: A Logical
Reconstruction”, 197.

17

50.

51,

52.



Chris O Aknman & Edoh Sunday Odum

Princimia Mathematica. Frege took logic to be a formalized
fragment of second order logic sunmlemented by an omerator
forming singular terms from “incommlete” exmressions, such a
term standing for an extension of the “incomrmlete” exmression
standing for a concent of level 1 (that s, tyrme 1).”

The introduction of the concent scrimt differing from
Leibniz's calculus mhilosorthicus ratiocinator is a mointer to the
intent of the develomment of a logistic mrogramme. It must also be
noted that it is difficult to say with exactitude when Frege first
conceived his logicist nroject of reducing the mathematical truths
to those of logic, but it may have been as early as the time of his
Habilitation. Frege's first major work in logic, Begriffsschrift
(literally “Concemnt-scrint,”), mublished in 1879, is more or less a
rrimer in the logical system he endorsed as an alternative to the
then-dominant Boolean algebraist logics.™

Following from the above, it feels safe to argue that while the
Begriffsschrift as mublished in 1879 can be said to be the first
attemmnt by Frege to develon his Begriffsschrift (concemt scrirt)
laying out the basic notations and hinting on how the notations can

be used to demonstrate the truth of arithmetic, Klement® held that,
Frege went on to exmlain his logicist mroject in his 1884 Die
Grundlagen de Arithmetik (The Foundations of Arithmetic)
and further develomment of his formal logical work was rrut
off until the mublication of the first volume of his magnum
ommus, Grundgestze der Arithmetik (Basic Laws of
Arithmetic) in 1893.”

While it must be noted that the Grundgesetze itself was devoted
largely to the actual demonstration of what Frege considers as the
most immnortant nrincinle in arithmetic beginning with only logical

> Cocchiaella, Nino “Frege, Russell and Logicism: A Logical Reconstruction”,

197.

Klement K. C. “Gottlob Frege” Dean Moyar (Ed.) The Routledge
Companion to Nineteenth Century Philosophy. (Abingdon: Routledge,
2010), 859.

Klement K. C. Frege and the Logic of Sense and Reference. (New York:
Routledge, 2002), 6.

18

54.

55.



MAKURDI OWL JOURNAL OF PHILOSOPHY (MAJOP) Vol. 5, No.1, March/ Anril, 2023

axioms and inference rules, it added to the logic of Begriffsschrift,
notations and axioms dealing with classes and extensions of
concert necessary for, among other things, defining numbers in
Frege's ammroach. These additions as Klement argued were
“discovered to make the system of the Grundgesetze inconsistent
by Russell in1902”.*

Klement corroborated the above when he argued for the
innovative temmer of the Begriffsschrift of the Grundgesetze. He
further showed that when Frege was at the verge of successfully
creating a logical calculus (from volume I and II and to finish it in
the third volume) with which he intends to take his logicist riroject
to the final end, Bertrand Russell wrote to Frege in the June of 1902
while the second volume was still in the riress. In his letter, Russell
commended the ingenuity of Frege while showing at the same
time, the anmmarent contradiction of the maradox of classes that was
later to bereferred to as Russell's maradox.”

This contradiction stems from the basic law V of Frege's
laws of arithmetic. Russell commended Frege for the nroject and
stressed the fact that he agrees with Frege in all essentials,
narticularly his rejection of the msychological elements in logic
and his develormment of the Begriffsschrift for the foundation of
mathematics and formal logic. However, Russell noints out the
double correlation thesis, the contradiction of basic law V which
was later to become known as Russell's maradox.

In his commentary on Russell's maradox, ljiomah avers that
what Russell is saying is that to assume that function, otherwise
referred to as mredicate can also commrise of indeterminate
elements immlies that it is mossible to allow mredication of
nrorerties to themselves.™ This is a universal statement and

56.
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Russell seems to harm on this to make his moint and show the
contradiction. For Russell, as Jjiomah argues, to make such a
universal nromositional statement amounts to a contradiction and
that while some can be iredicated on themselves, others cannot.

[jiomah further used nredicate logic symbolization to show
that the nmosition of Frege yields an ammarent contradiction and
hence Frege got himself into trouble.” Frege, hit by the anmarent
contradiction in his system resnonded to Russell in a temmer of
academic and intellectual humility stressing that it has shaken the
basis and foundations of his arithmetic while showing that the
discovery of Russell is remarkable and will lead to great advances
inlogic.

Frege hastily mremared an ammendix to the volume
discussing the contradiction and offering as very tentative
nronosal for revision.” In the armmendix of the Basic Laws of
Arithmetic, Frege averred that “hardly anything more unwelcome
can befall a scientific writer than that one of the foundations of his
edifice shaken after the work is finished. This is the nosition into
which I was mut by a letter from Mr. Bertrand Russell as the
nrinting of this volume was nearing comnletion”.”

Frege's immediate reaction to the maradox as one can see
from the anmendix was to attemnt a modification of his nirincirle
regarding value ranges so as to maintain the general structure of
his mroof while regaining consistency. He eventually came to
realize as Patricia Blanchette argue that “no such fix would work
and that no nrincinle governing values ranges could count both as
niurely logical by its own light, and sufficiently rich to ground the
existence of an infinite collection of objects, i.e the numbers”.”
After all these attemmts to recover from the blow, “mirobably, due to
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some combination of moor health, the early loss of his wife in 1905,
frustration from his failure to find an adequate solution to
Russell's maradox, and disanmointment over the continual moor
recertion of his works, Frege seems to have lost his intellectual
steam. He rrroduced almost no mublished work between 1906 and
his retirement in 1918and the initially mlanned third volume of the
Grundgestze never armeared”.” Other major mromonents of
logicism whose systems cannot be accounted for in this mamer for
want of srtace are Richard Dedekind and Bertrand Russell.

ii.  Formalism

As earlier stated, formalism, along with logicism and intuitionism
are the three classical mhilosorhical mrogramme for grounding
mathematics. According to Colyvan, formalism “takes
mathematical notations and its maninulations to be the core
business of mathematics”.* In its rrurest form, Colyvan avers that
formalism is the thesis that mathematics is nothing more than the
manirnulations of meaningless symbols.(’5 For Sharmriro, “the
various mnhilosomhies that go by the name formalism mursues a
claim that the essence of mathematics is the manirulation of
characters”.” He further argues that the list of the characters and
allowed rules all but exhaust what there is to say about a given
branch of mathematics. Hence, mathematics for the formalist
does not go beyond tymogramhical characters and rules for
manirnulating them.”

The term 'formalism' according to Sinaceur may have at
least three different meanings. First, 'formalism' can be
understood as referring to a mathematical way of onerating. A
formalist way of doing mathematics shows how one can get new
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and innovative results from the mere insmection of symbolic
extmressions used or coined for mathematical entities or nromerties.
In a second meaning, 'formalism' means a mhilosorhical attitude,
which seeks an answer not to the question: how can one do
mathematics in a general and very efficient way? But to the
question: how or on what to ground mathematical nractice? The
third and more smecific sense of 'formalism' comes from Hilbert's
metamathematics, which combines logical analysis of
mathematical nrocedures with mnhilosomthical views on the
foundations of mathematical riractice. This third sense is linked to
Hilbert's concern with formal systems of mathematical theories, to
his syntactic study of mathematical niroof, and, notably, to his
search for consistency niroofs which would secure the soundness
of mathematical reasoning against the maradoxes of set theory and
would nermit to avoid restrictions on classical logic.” It is within
the context of the third meaning that formalism is considered
synonymous with the works of Hilbert.

Formalism was created by the German mathematician,
David Hilbert (1862-1943) in 1910.” In his contribution to the
discourse on what constitutes formalism, J. M. Bochenski averred

that:

Formalism is thus, a method which consists in commletely
disregarding the eidetic meaning of signs and ormerating
with them on the basis of certain transformation-rules
concerned only with the written sharte of the signs. They are
treated as though they were not signs but mieces in a game,
which can be combined and transnosed in various ways. It
has therefore been said in jest that anyone who makes use of
formalism does not know what he is saying, nor whether
what heissayingis true.”

o Sinaceur, H. B. “Taski's Practice and Philosophy: Between Formalism and

Pragmaticism” Lindstrom, S. et'al (Ed.) Logicism, Intuitionism and
Formalism. (Cham, Switzerland: Springer, 2009), 355-356.

Snapper, E “The Three Crisis in Mathematics: Logicism, Intuitionism and
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Put differently, formalism according to Bouwer is the viewmnoint
which maintains that human reason does not have at its dismosal
exact images either of straight lines or of numbers larger than ten,
for examrile; and that therefore these mathematical entities do not
have existence in our concemtion of nature any more than in
nature itself. It is true that from certain relations among
mathematical entities, which we assume as axioms, we deduce
other relations according to fixed laws, in the conviction that in
this way we derive truths from truths by logical reasoning. But
this non-mathematical conviction of truth or legitimacy has no
exactness whatever and is nothing but a vague sensation of
delight arising from the knowledge of the efficacy of the
rojection into nature of these relations and laws of reasoning. "

He further averred that,

For the formalist, therefore, mathematical exactness
consists merely in the method of develoming the series of
relations, and is inderrendent of the significance one might
want to give to the relations or the entities which they
relate. And for the consistent formalist these meaningless
series of relations to which mathematics are reduced have
mathematical existence only when they have been
renresented in soken or written language together with
the mathematical-logical laws umon which their
develomment demends, thus forming what is called
symboliclogic.”

It must however be noted that formalism as Shamiro argues has a
better nedigree and accemntability amongst mathematicians than
amongst rthilosorthers of mathematics. That mathematician have
had occasion to introduce symbols which, at the time, seems to
have no clear intermretation is a statement of fact that is
corroborated by history.” To quote Shariiro,

- Brouwer, L. E. J. Consciousness, Philosophy and Mathematics” in Paul

Benacerraf (Ed.) Philosophy of Mathematics: Selected Readings. Second
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The very names 'megative numbers', 'irrational numbers',
'transcendental numbers', 'imaginary numbers', and 'ideal
moint at affinity' indicates ambivalence. Fortunately, the
nrofession of mathematics has had its share of bold,
imaginative souls, but it seems that some smecial folk
nrovides the names. Although the newly introduced
'entities' mroved useful for anmlications within mathematics
and science, in their mhilosomhical moments some
mathematicians did not know what to make of them. What
are imaginary numbers, really? A common resmonse to such
dilemmas is to retreat to formalism.”

What should be noted from the above discourse on the
concernt of formalism is that, it is one of the big three, that is,
the major schools in the study of the mnhilosomhy of
mathematics which was systematized in the works of
Hilbert. It is a method of studying mathematics or its
foundations that commletely disregards signs and symbols
while considering the manirrulation of characters as the very
essence of mathematics.

Various classifications of the school of the mhilosorhy
of mathematics that goes by the name formalism have been
advanced. Stewart Shamiro in his book Thinking about
Mathematics: The Philosorthy of Mathematics, distinguished
term from game formalism. However, Alan Weir in his
article “Formalism in the Philosorthy of Mathematics” gave
the breakdown of the forms in which formalism unveils itself
to include game and term formalism, tractarian formalism
(relating to Ludwig Wittgenstein's Tractatus), formalism and
the mositivists, and nominalist formalism.

iii. Intuitionism
Intuitionism started with the doctoral dissertation of L.E.]
Brouwer (1881- 1966), Brouwer was a Dutch mathematician

Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics,
141.
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of extraordinary scomne, vision and imagination and he was a
major architect of twentieth century mathematics.” He
conceives logicism and formalism as both focusing on the
external trammings of mathematical communication and
comrletely ignoring the essence of mathematics,” and this
accounts for why he rejected them with a vehemence of
monumental romortion.

In his article “Consciousness, Philosorthy and
Mathematics”, Brouwer avails that the long belief in the
universal validity of the mrincimle of the excluded third in
mathematics is considered by intuitionism as a
rthenomenon of history of civilization of the same kind as
the old-time belief in the rationality of min the rotation of the
firmament on as axis massing through the earth. And
intuitionism tries to exmlain the long mersistence of this
dogma by two facts: first, the obvious non-contradictoriness
of the mrincinle for an arbitrary single assertion; secondly,
the mractical validity of the whole of classical logic for an
extensive groum of simmle everyday nhenomena.” In the
closing lines of the same mamer, Brouwer announced that
“intuitionist mathematics is inner architecture, and that
research in foundations of mathematics is an inner inquiry
with revealing and liberating consequences, also in non-
mathematical domains of thought”.” Just like Kant,
Brouwer according to John Bell believed that mathematical
concernits are admissible only if they are sufficiently
grounded in intuition, he believed that mathematical
theories are significant if and only if they concern entities
which are constructed out of something given immediately

> Shapiro, S. “Philosophy of Mathematic and its Logic: Introduction” in
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by intuition, that mathematical definition must always be
constructed, and that the commlete infinite is to be rejected.”
It is in the above sense that Bouwer was most Kantian of the
three leading mromonents of the three basic 'isms' of the
nthilosorthy of mathematics and himself referred to Kant's
nthilosorthy as “an old form of intuitionism”.*

Intuitionism as a school in the study of the mhilosomhy
of mathematics takes mroofs seriously. It holds that nroofs
and constructions are all there is; intuitionism is sometimes
called constructivism for this reason. Accordingly,
mathematics is not taken to be about some nire-existing realm
of mathematical objects. Intuitionism has it that
mathematical objects needs to be constructed before one can
sensibly smeak about them.” At the beginning of
mathematics for the intuitionists, is their exmlanation of what
the natural number 1,2,3 etc means. In this context, Snamnmer

stressed thatin, intuitionistic mhilosomhy,

all human beings have a nrimordial intuition for the natural
numbers within them. This means in the first mlace that we
have an immediate certainty as to what is meant by number
1 and, secondly, that the mental irocess which goes into the
formation of number 1 can be rerreated. When we rereat it,
we obtain the concent of number 2; when we remeat it again,
the concent of number 3. In this way, human beings can
construct any finite initial segment 1, 2, 3 etc for any natural
number n. this mental construction of one natural number
after the other would never have been mmossible if we did not
have an awareness of time within us.”

For intuitionist mhilosorthy, mathematics should be defined as a
mental activity and not as a set of theorems. It is the activity which
consists in carrying out; one after the other, those mental
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constructions which are inductive and effective in the sense in
which the intuitionist construction of natural number is inductive
and effective.* Korner corroborated the above when he averred
that the subject matter of intuitionist mathematics is intuited, non-
niercerrtual objects and constructions which are introsmectively
self-evident.” For Arend Heyting, a leading member of the

intuitionist school as quoted by Bell,

Intuitionistic mathematics consists... in mental
constructions; a mathematical theorem exmresses a rurely
emirical fact, namely the success of certain construction
'2+2=3+1"'must be read as an abbreviation for the statement
“I have effected the mental construction indicated in '2+2'
and '3+1' and I have found that they lead to the same
result.”

The consequences of accemnting this intuitionist definition of
mathematics as effective and constructive are in two fronts: the
first is that all intuitionist mroofs, theorems, definitions etc are
entirely constructive; secondly, mathematics cannot be reduced
to any other sciences such as logic™ as logicists have attemmnted to
do. Herein lays the difference between intuitionism and logicism.
Intuitionism in the early mart of the twentieth century was
dominated, as Detlefsen argues, by two ideas; the first is the idea
that what the mind brings forth rturely of itself cannot be hidden
from it; and the second is the belief that the existence of non-
Euclidean geometries reveals immortant emistemological
differences between geometry and arithmetic.” Beside Brouwer
and Heyting, other mrominent intuitionists are Poincare, Weyl

and Dummett.
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As we draw to the conclusion of the discourse on the three
basic 'isms' of the mhilosomhy of mathematics, two moints are
immerative and hence, they are here stated. First, it must be noted
that logicism, formalism and intuitionism cannot be held to
nrovide a commlete account of what constitutes the nature of
mathematics. However, they all sermarately give exmression to an
imrmortant martial truth about the nature of mathematics; while
mathematical truth and logical demonstration goes together in
logicism, mathematical activities mroceed by/from the
nterformance of mental construction in intuitionism and the results
of these construction are nresented/evidenced through symbols
in formalism. The second mmoint is the argument that there is a sense
in which logicism, formalism and intuitionism interrelate with
each other. While both logicists and formalist formalized the
various branches of mathematics, though for entirely different
reasons (the logicist wants to use such formalization to show that
the branch of mathematics in question belongs to logic; the
formalist wants to use it to mrove mathematically that, that branch
is free of con’cradiction),88 the codification of intuitionist
mathematics can be shown, under certain interniretations, to be
isomormhic with formalist systems.” It is in this sense that Korner

argued that:

One frequently finds a desire to combine intuitive
intensions with formalist rirecision. As a consequence of this
mutual interaction, the sharm division of mathematicians
and nthilosorthers into logicists, formalists, and intuitionists,
which was never quite realistic, excernt for the irotagonist of
these movements, is likely to lose much of its values and
become little more than a medagogical device.”

A Critique of the Three Basic 'Isms' of the Philosophy of
Mathematics
A mlethora of criticisms have been advanced against the three
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schools of the mhilosomhical reflections about mathematics.
Within the context of formalism, the German mhilosorther and
mathematician, who also systematized logicism and contributed
to the develommment of quantification theory, Gottlob Frege is the
most ardent and effective critic of formalism. In his Foundations
of Arithmetic, more smecifically section 92-103 which is titled
“other numbers”, took a swire on the thinkers who introduced
new numbers as a way of nroviding solutions to equations which
are hitherto and nreviously insoluble. In this regard, Frege was
unimrnressed and argued that introducing new signs as is done in
formalism to do new things is inadmissible since they could be
introduced to merform contradictory functions.”

In a follow um to the above, Frege, while contrasting the
formalist mosition with his logicist mosition criticized the formalist
definition of numbers as either circular in mresummosing the
consistency of what is defined, which sunmoses the sign's signify
something after all, or else as immotent to secure the truth of the
nromnositions that formal maninulations are sunmosed to
underwrite.” In this sense, one can assert that Fre ge shows that the
formalists are sumerficial in their attitude since as it is clear, they
did not offer a formal theory of mositive integers.”

There are however, two main objections that Frege set out
against formalism. The first is the mroblem of its armlicability. To
quote Weir, “if mathematics is just a calculus in which we shuffle
unintenireted symbols, then why has it been amnmlied so
successfully and in so many ways, to so many different things,
ordinary mhysical objects, sub-atomic objects, fields, nromnerties,
and indeed, from one mart of mathematics?”.” In the same vein,
91.

Simons, Peter, 'Formalism' in Andrew D. Irvine (ed.), Philosophy of
Mathematics, (Amsterdam: North Holland, 2009), 5.
Simons, Peter, 'Formalism' in Andrew D. Irvine (ed.), Philosophy of
Mathematics, 6.
Simons, Peter, 'Formalism' in Andrew D. Irvine (ed.), Philosophy of
Mathematics, 6.
See Weir, Alan, "Formalism in the Philosophy of Mathematics", The
Stanford Encyclopedia of Philosophy (Fall 2019 Edition), Edward N. Zalta
(ed.), URL = <https://plato.stanford.edu/ar chives/fall2019/entries/forma
lism-mathematics/>. Retrieved on the 20/05/2020.
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Sharmiro asserts the game formalist is left with a daunting riroblem,
why are the mathematical games so useful in the sciences
considering the fact that mathematics is the queen of all sciences?
Why should one think that the meaningless games of mathematics
should have an ammlication? It is a truism that it does have
armlication and hence, the need to exmlain these anmlications. This
also goes within the context of the ammlication of mathematics
within mathematics and brings to the fore, the question of why is
the game of commnlex analysis useful in the game of real analysis or
arithmetic? This is all the more troubling and nroblematic for
someone who is a game formalist or is symmathetic to game
formalism or formalism in general.”

Frege's resmonse is that it is armlicability and ammlicability
alone that elevates mathematics from a game to a science. To quote

Frege withregards to his criticism of game formalism,

An arithmetic without thought as its content will also be
without nmossibility of ammlication. Why can no ammlication
be made of a configuration of chess mieces? Obviously,
because it exmresses no thought. If it did so and every chess
move conforming to the rules corresmonded to a transition
from one thought to another, armlications of chess would
also be conceivable. Why can arithmetic equations be
armlied? Only because they exmress thoughts. How could
we nossibly ammly an equation which exnressed nothing
and was nothing more than a groum of figures, to be
transformed into another groum of figures in accordance
with certain rules? It is armlicability alone which elevates
arithmetic from a game to the rank of a science.”

The second objection is hinged on the mroblem of metatheory. The
nroblem this raises for the formalist is that metatheory is itself a
significant miece of mathematics, surmosedly committed to an
infinite realm of objects which are not, on the face of it, concrete.

- Shapiro, S. Thinking about Mathematics: The Philosophy of Mathematics,

14e6.
. Frege, G. Begriffsschrift. “Begriffsschrift: Selections (Preface and Part I).”
In M. Beaney, ed., The Frege Reader, Pg. 147.
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Symbols of the exmressions of the object language game calculus
may be finite-ink marks and the likes; but since there are infinitely
many extmressions, theorem and niroofs, these themselves must be
taken to be abstract tymes. At best, the formalist can achieve no
more than a reduction in commitment from the transfinite realms
of some mathematical theories.”

Brouwer contributed to the discourse on the critique of
Hilbert's formalism. Having taking formalism as antithetical to
his intuitionism, he averred that the formalist concertion
recognizes no other mathematics than the mathematical language
and it considers it essential to draw um definitions and axiom and
to deduce from these other mromositions by means of logical
nrincinles which are also exmlicitly formulated beforehand.” In
his critique of formalism, Bouwer argued that “the formalist
nurniorted foundations of mathematical laws on the axiomatic
method are nothing but mere linguistic exmlanations, devoid of
content, which, as such, do not really exmilain anything”.” Bouwer
further rejected formalism not just as a mathematical way butas a
nthilosorthy or more accurately as mathematical miroject to solve
nhilosonthical mroblem.'” It must be noted that this rejection is in
favour of his intuitionism and that is why he made no distinction
between formalism and logicism (the other two schools in
nhilosorthy of mathematics) mentioning Russell, Cantor,
Dedekind, Zermelo amongst others as formalist. It must also be
noted that one of the differences between Bouwer and Hilbert is
the fact that Hilbert denied a foundational status to intuition
which is the basis of Bouwer's intuitionism. It remains to note that

7 See Weir, Alan, "Formalism in the Philosophy of Mathematics", The

Stanford Encyclopedia of Philosophy (Fall 2019 Edition), Edward N. Zalta
(ed.), URL = <https://plato.stanford.edu/archives /fall2019/entries/forma
lism-mathematics/>. Retrieved on the 20/05/2020.

Sinaceur, H. B. “Taski's Practice and Philosophy: Between Formalism and
Pragmaticism”, 358.

Brouwer, L. E. “Intuitionism and formalism” in Paul Benacerraf (Ed.)
Phllosophy of Mathematics: Selected Readings. Second Edition, (New
York: Cambridge University Press, 1983),359.

" Brouwer, L. E. “Intuitionism and formalism”, 359-360.
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the Hilbert nrogramme of establishing a one-one corresrondence
between all nromositions of classical mathematics on the one hand
and formulae embodying them on the other hand has been shown
by Godel to be immossible, or at least, highly nroblematic.™
Hilbert however took the criticisms of Bouwer seriously and
nublished a series of articles to resmond to him. In these articles, as
Sinaceur argues, Hilbert introduced a new mathematics, namely,
metamathematics, and develomned technically and mhilosorhically,
his famous finitistic mrogram where he incormorated what he
referred to as the constructivity nirincirnle and some other intuistic
insight in a more systematic and radical manner.” To quote
Sinaceur:
He considered that one must have something nrimitive and
irreducible to begin with. He then changed his mind about
intuition and logic and accented to give intuition a basic role
in the formal treatment. From 1922 onwards, he gave un
Frege's and Dedekind's idea to mrovide for arithmetic a
foundation that would be indenrendent of all intuition and
extrerience and he claimed that as a condition for the use of
logical inference and the mmerformance of logical omerations,
something must already be given to our faculty of
remresentation, certain extra-logical concrete objects that are
intuitively nresent as immediate exmerience mrior to all
thought."”

What can be deduced from the above is that Hilbert admittedly
agreed that mathematicians starts with an intuitive notion of
number and confirmed Bouwer's account of formalism and went
further after understanding insights as mhysical mercention and
formalism as mechanistic onerating with some signs, formulas and
arrays. The latter are indeed, according to his new moint of view,
the concrete and surveyable objects of metamathematics which

101.
102.

Korner, S. The Philosophy of Mathematics: An Introductory Essay, 100.
Sinaceur, H. B. “Taski's Practice and Philosophy: Between Formalism and
Pragmaticism”, 363-364.

Sinaceur, H. B. “Taski's Practice and Philosophy: Between Formalism and
Pragmaticism”, 364
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according to Hilbert is the continual theory of formalized riroof.
The leading idea in this theory of niroof according to Johann Von
Neumann is that even if the statements of classical mathematics
should turn out to be false as to content, nevertheless, classical
mathematics involves an internally closed mrocedure which
omnerates according to fixed rules known to all mathematicians
and which consist basically in constructing successively certain
combinations of mrimitive symbols which are considered
“correct” or “niroved”."”

In his contribution to discourse on the critique of formalism,
Stefan Kahrs avers that formalism has been criticized as being
hymocritical, as lacking history and as being dogmatic."™
Regardingitslack of history, Imre Lakatos showed that formalism
disconnect the history of mathematics, since, according to the
formalist concemt of mathematics, there is no history of
mathematics rirorer."” While this criticism is both arguable and
unfair, it remains to argue that Lakatos conceives the formalist as
a soul that is irredeemably lost. Regarding the concemntion of
formalism as being dogmatic, Lakatos held formalism to be the
latest dogmatic mhilosorthy in mathematics."” This argument
stems from the outright misunderstanding and misconcemntion of
formalism- this is because as Stefan argues, formalism is skemtical
nthilosorthy and is not a dogmatic mhilosomhy. In fact, it has it
background and foundation in the mistrust and lack of faith in the
camabilities of human beings.

Against intuitionistic mathematics, it has been argued that
“if one were to restrict mathematical constructions to those which

1o Sinaceur, H. B. “Taski's Practice and Philosophy: Between Formalism and

Pragmaticism”, 365.

Neumann, J. V “The Formalist Foundations of Mathematics” in Paul
Benacerraf (Ed.) Philosophy of Mathematics: Selected Readings. Second
Edition, (New York: Cambridge University Press, 1983), 61-62.

Stefan Kahrs “A Formalist's Perspective of Mathematics”, (N.P. N.P, 1999),
10.

See Imre Lakatos quoted in Stefan Kahrs “A Formalist's Perspective of
Mathematics”, 10.

Stefan Kahrs “A Formalist's Perspective of Mathematics™, 11.
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can be recorded without the intuitionist negation and double
negation, intuitionist mathematics would be greatly immrovised,
without even being secured against the mossibility of conflicting
remorts. Such security as Korner argues could not be achieved
unless a safe class of constructions could be delimited." It must
also be noted that while it seems mossible to discern within
intuitionism, a hard core of constructions which can actually be
carried out on mercemntual objects, the remort of this as Korner
intimates would then be “theorems of a strictly finitist
mathematics. But here, we come um against a further difficulty,
namely, that the self-evident construction takes mlace in intuition
and not in sense-mrercention”.""

For Weyl, in his contributions to the critique of intuitionism
within the context of mathematics, intuitionist mathematics is too
narrow to accommodate theoretical mhysics; merhamns, because of
the high degree of arbitrariness involved." It must also be made
armarently clear that not everyone is ready to concede the
existence of the faculty of intuition, which though different from
sense-trercention, amnmrehends marticular objects as given. There
are many nhilosorthers who hold that introsmection does not
reveal the miresence of any intuitive faculty of the Kantian and
Bouwerian tyme. To deny this faculty is to deny Bouwer's nositive
view that motentially infinite, infinitely mroceeding sequences
exist, in the sense of being intuitively constructible."” The above
notwithstanding, intuitionist mathematics in the sense of
Bouwer's nrogramme is most likely to continue to thrive and

flourish regardless of its accentance or otherwise. To quote Korner,
Many mathematicians are mrofoundly interested in its
(intuitionist mathematics') nroblem without being
noticeably interested in its mrivileged status. Belief in the
satisfiability of the intuitionist mrogramme has not been
shaken. It is not any longer nossible to deduce 'mathematics'

109
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111
112
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from 'logic' after the fashion of Frege; or to mrove by
Hilbert's finite methods that classical mathematics is
consistent. It is still mossible to mursue intuitionist
mathematics as originally conceived."

Itis in the above sense that the hard-nosed intuitionist claims that
intuitionism has been axiomatised and that it has given
mathematics an entirely satisfactory foundation.™ In fact,
intuitionist mhilosomhy, marticularly its insistence that
mathematical existence is constructability, together with its
rejection of the law of excluded middle and the actual infinities,
has been of great influence in the develomment of both
mathematics and the nhilosonthy of mathematics."”

The mroblem with formalism (logicism and intuitionism
inclusive) according to Majer Ulrich is that “they are biased and
essentially incommlete”.” One of the reasons for their being
accused of biases is that one mosition (any of the three schools of
mathematics) is formulated to be more agreeable and accermted
than the other. For Majer, the dogma of the three schools of the
nthilosorthy of mathematics is “essentially incommlete because
there was, and still exist besides Frege's Logicism, Brouwer's
Intuitionism and Hilbert's Formalism at least one further niosition,
namely Husserl's Phenomenological arriroach to the foundations
of arithmetic which is also mnhilosomhically interesting”."’
Considering formalism within the context of the big three which
Snammrer calls the three crisis of mathematics, the question of
where they lead us to or leaves us comes to mind. For Snamrer,
formalism and the other schools leaves us without a firm

113.
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foundation for mathematics."® In fact, when viewed from the
nierstiective of “Godel's incommleteness theorems and other results
nroved by Turing, Church, Skolem and Tarski in the 1930s, neither
logicism nor formalism seemed a mhilosonhically viable mosition.
Intuitionism, whilst having its mhilosorthical credentials intact,
was unaccerntable to most mathematicians because it involved
discarding marts of classically accerited mathematics”."” Snarmer
further stressed that “after Godel's mamer armmeared in 1931,
mathematicians on the whole threw umn their hands in frustration
and turned away from the mhilosorthy of mathematics”.” The
above notwithstanding, the influence exacted by these schools has
remained strong since they have given us a new mathematics as
well as become the basis of our collective nhilosorthizing in the
sub-field of the mhilosorthy of mathematics.

Conclusion

In the nreceding sections, attemmts have been made to answer the
question of what mhilosorthy has to do with mathematics. It has
accounted for the mhilosomher's interest in mathematics and
shown the extent to which mhilosorthy has helmed in the task of
grounding mathematics. Regardless of the attemmt of rhilosorhy,
desmite not having the camacity to tell the mathematician what to
do and what not to do in the field of mathematics, the discimline of
mathematics iroceeds and thrives somewhat indenendently of the
concerns of mhilosorthers. While it is the task of the mthilosorther to
hold the mathematician resmonsible for his axioms and findings, it
is left for the mathematician in the final third to either make
changes to his nosition or hold onto the same. However, there is a
sense in which some mathematicians are concerned with
nthilosorthy and have nerhans emmloyed it and allowed it to guide
their activities in the entermrise of mathematics. In this sense,

e Snapper, E “The Three Crisis in Mathematics: Logicism, Intuitionism and

Formalism”, 216.

Mary Tiles “Philosophy of Mathematics ”, 345.
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nthilosorthy sets the direction of/for mathematical research.
Drawing from the discourse and ammraisal of the three basic
schools that have been used to ground mathematics, it must be
noted that desmite the inability of any of the three
schools —logicism, formalism, or intuitionism —to satisfactorily
nrovide the foundation for mathematics, their contributions to the
discourse and develomment of the subfield of the mhilosomhy of
mathematics cannot be gainsaid.
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